A GENERAL DOUBLE INEQUALITY RELATED TO OPERATOR 
MEANS AND POSITIVE LINEAR MAPS 
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Abstract. Let A,B e B(Jt?) be such that < hi < A < a x I and < b 2 I < B < a 2 I for 
some scalars < bi < a,, i = 1,2 and $ : B(j£°) — > B(J^) be a positive linear map. We 
show that for any operator mean a with the representing function /, the double inequality 

w l - a ($(A)# a $(B)) < (cj$(A))V Q $(B) < -$(ArB) 



rf" ■ holds, where p. = " 1 " u ^" 2 " 1 '~ n " " , v = ™^ L^IiSSh > u = and # Q 

' (V Q , resp.) is the weighted geometric (arithmetic, resp.) mean for a <E (0, 1). 

As applications, we present several generalized operator inequalities including Diaz- 
Metcalf and reverse Ando type inequalities. We also give some related inequalities involving 
Hadamard product and operator means. 
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in 

T^f-" ' 1. Introduction 

O ' 

In what follows, M(Jif) denotes the C*-algebra of all bounded linear operators acting on 
a Hilbert space (Jif, (■,■)) and / stands for the identity operator. A selfadjoint operator 
A G B(Jf) is said to be positive (strictly positive, resp.) if (A£,£) > > 0,^ 0, 

resp.) for all £ G Jf? and we write A > (A > 0, resp.). For selfadjoint operators 
A,B G B(JT), by A > B (A > B, resp.) we mean A - B > (A - B > 0, resp.). 
A linear map $ : M(Jt?) — > B(J2T) between C*-algebras is called positive (strictly positive, 
resp.) if it maps positive (strictly positive, resp.) operators into positive (strictly positive, 
resp.) operators and is said to be unital if it maps identity operator to identity operator in 
the corresponding C*-algebra. 
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By an operator monotone function, we mean a continuous real-valued function / defined 
on an interval J such that A > B implies f(A) > f(B) for all self adjoint operators A, B 
with spectra in J. Some structure theorems on operator monotone functions can be found 
in [2]. 

The axiomatic theory for operator means for pairs of positive operators have been devel- 
oped by Kubo and Ando [6]. A binary operation a defined on the set of strictly positive 
operators is called an operator mean provided that 

(i) Ial = I; 

(ii) C*(AaB)C < (C*AC)a(C*BC); 

(iii) A n 4- A and B n \, B imply (A n aB n ) j. AaB, where A n I A means that A\ > Ai > ■ • • 
and A n — > A as n — > oo in the strong operator topology; 

(iv) A < B and C < D imply that AaC < BaD . 

There exists an affine order isomorphism between the class of operator means and the class 
of positive operator monotone functions / defined on (0, oo) with /(l) = 1 via f(t)I = 
Ia(tl) (t > 0). In addition, AaB = A 1 ! 2 f{A~ 1 / 2 BA- 1 / 2 )A 1 / 2 for all strictly positive opera- 
tors A, B. The operator monotone function / is called the representing function of a. Using 
a limit argument by A £ = A + el, one can extend the definition of AaB to positive operators 
as well. The operator means corresponding to operator monotone functions (1 — a) + at 
and t a with < a < 1 are called weighted arithmetic and weighted geometric means and 
are denoted by V Q and # a , respectively In particular V1/2 and #i/ 2 or simply written as 
V and # are called arithmetic and geometric mean, respectively. 

In this paper we establish a general double inequality involving operator means and pos- 
itive linear maps, which unifies and includes the recent results of [7, 8] concerning Diaz- 
Metcalf and reverse Ando type inequalities. We also give some related inequalities involving 
Hadamard product and operator means. 

2. Main Result 

We start this section with our main result. It extends the reverse Ando's inequality 
presented in [8] and some Diaz-Metcalf type inequalities in [7] as we see in the sequel. 
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Theorem 2.1. Let A, B e B(Jf ) be such that < bj < A < aj and < b 2 I < B < a 2 I 

for some scalars < bi < a^, i — 1,2 and $ : M(J4?) — > M(J^) be a positive linear 
map. Then for any operator mean o with the representing function f , the following double 
inequality holds: 



a 



w a ($(A)# Q $(5)) < {u${A))V a ${B) < -$(AaB) 



(2.1) 



where /i 



a\ai—b\bi 



(l-a)n 



and a G (0, 1). 



Proof. The conditions < bil < A < a±I and < b 2 I < B < a 2 I implies that < 
b 2 ai 1 A < b 2 I < B < a 2 I < a^^^A. Consequently, < b 2 a\ x < a 2 b\ x . The function 
/ : (0, oo) — y (0, oo) being operator monotone is strictly increasing and concave [2, Corollary 
1.12]. Therefore x~ 1 f(x) is operator monotone decreasing (see [2, Corollary 1.14]). This 
implies that fi and v are positive. In fact, 

1 



and 



a 2 b l 1 - b 2 a 1 
a 2 b 2 



T (/Mr 1 ) - /fear 1 )) > 



(^ai/fear 1 ) - ajVMr 1 )) > • 



a x a 2 - bib 2 

The first inequality in (2.1) follows on using the weighted arithmetic-geometric mean in- 
equality u l - a (X# a Y) = (wX)# a F < (uX)V a Y. 

For the second inequality in (2.1), consider fit + v. Note that f(t) and the line /it + v 
intersect at the points (a^ 1 , f{a 2 bi 1 )) and foa^ 1 , f{b 2 ai 1 )). Thus, since f{t) is concave [2, 
Corollary 1.12], we see that 

Ht + iy<f(t) (2.2) 



for all t G [62% j o J2 b 1 ]. So, 



at + (1 — a) 



av 



< a -m 



[1 — a)/j 

for all a G (0, 1). Hence, since b 2 a{ l I < A~ 1/2 BA~ 1/2 < a 2 b^I, we obtain 



a 



A -l/2 BA -l/2 + (1 



a) 



av 



a)/j 



I<^f(A~ 1 / 2 BA- 1 / 2 ) 
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which implies 



aB + (l- a) 



(1 — a)fi 



A < —AaB. 



(2.3) 



Since $ is positive and linear, (2.3) yields 



(u$(A))V a $(B) < -$(AcrB). 



fi 



□ 



Remark 2.2. The condition < b{ < a^, % — 1,2 in Theorem 2.1 can be replaced by either 
< b\ < ai and < b 2 < a 2 or < b\ < a\ and < b 2 < a 2 . 



Now we present several applications of our main Theorem 2.1. 

3.1. Diaz— Metcalf type inequalities. Taking a = 1/2 and a = #, so that f{t) = y/t, 
in the second inequality of (2.1), we get the following Diaz-Metcalf type inequality of the 
second type: 

Corollary 3.1. [7, Theorem 2.1] Let A,B£ M(J^) be positive invertible operators such 
that m\I < A < Mfl and m\I < B < M^I for some positive real numbers mi < Mi and 
m 2 < M 2 and $ : M(Jif) — > B(J?T) be a positive linear map. Then 



If m 2 A < B < M 2 A for some positive real numbers m < M, then by considering \I/(C) = 
^(A l / 2 CA 1 / 2 ) and noting that m 2 I < A~ X I 2 BA~ X I 2 < M 2 I and 1 1 < I < 1 1 we obtain the 
following inequality: 



Therefore we reach to the following Diaz-Metcalf type inequality of the first type: 

Corollary 3.2. [7, Theorem 2.1] Let A,B£ M(Jif) be positive invertible operators such that 
m 2 A < B < M 2 A for some positive real numbers m < M and $ : M(J^) — > B(J^) be a 
positive linear map. Then 



3. Applications 




Mm$(/) + ^(A 



/2 BA~ l/2 ) < (M + m)y{I#A- 1/2 BA~ 1/2 ) . 



Mm<S>(A) + $(E) < (M + m)$(A$B). 
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3.2. Inequalities complementary to Ando's inequality. Ando's inequality [1] states 
that if A, B G B(Jf ) are positive operators, a G [0, 1] and $ is a positive linear map, then 

${A# a B) < $(A)# a ${B) . 

The following result is an additive reverse of the second type of this inequality: 

Corollary 3.3. Let A, B, <3> and /i, v and a be as in Theorem 2.1. Then 

<5>(A)# a $(B) - $(A# Q £?) < ((1 - aX/io" 1 )^ - v) . (3.1) 
In particular, when a = 1/2. 

- $(A#B) <(±--vj mm{ ai , a 2 }I (3.2) 

whenever $(/) < /. 

Proof. From inequality (2.2) we get 

(1 - a)(/ia -1 )^ + aifia-^t < f(t) - (v + (a - ^{fwT 1 )^). 
As in the proof of Theorem 2.1 the above inequality yields 

(1 - a)(//a _1 )^$(A) + aifia-^iB) 

< §{AaB) -(v + (a- l)(//a _1 )^)$(A). 

Now on using weighted arithmetic-geometric mean inequality on the left hand side of the 
above inequality we get 

$(A)# Q $(5) < (1 - a) (ifia- 1 )^Y $(A) + a ((/ia" 1 )^)" 1 $(£) 

< <$>(AaB) - (v + (a - lX/ia" 1 )^) . 

Taking a = # a and using the given conditions on A, B we get the desired inequality (3.1). 
Inequality (3.2) immediately follows from (3.1) for a = 1/2 because both §(A)#Q(B) and 
&(A#B) are symmetric with respect to A and B. □ 

Using the technique in Subsection 3.1 we can get the following reverse Ando inequality of 
the second type: 
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Corollary 3.4. [8, Theorem 1] Let A,B£ M(Jif) be positive invertible operators such that 
mA < B < MA for some positive real numbers m < M and $ : M(J4?) — > M(J^f) be a 
positive linear map. Then for a G (0, 1), 

M a _ m a \ Mm a - mM a 



<$>{A)# a <b(B) - $(A# Q S) < 



1-a 



a(M — m) J M — m 



3.3. Shisha— Mond and Kalmkin-McLenaghan inequalities. Now, we present a Kalmkin 
McLenaghan type inequality due to Seo [8]: 

Theorem 3.5. Let A,B, $ and fi,u be as in Theorem 2.1. Then 

$(Ao-B)- 1/2 <£(B)<S?(AaB)- 1/2 - ^(AaB) l,2 ^(A)- l ^(AaB) l/2 < (/i" 1 - 2y/u) L. 
Proof. Now from (2.1) for a = 1/2 we get 

^(Ao-B^^^B^Ao-B)- 1 ' 2 + u^Ao-B^^^A^Ao-B)- 1 / 2 < jiT 1 /, 

whence 

^(AaBY l / 2 ^(B)^(AaBY 1 / 2 - ^(AaB) l / 2 ^(Ay l ^(AaBf' 2 

< iT x L - uj<$>(AaB)- l l 2 <$>(A)<$>(AaB)- 1 l 2 - ^(AaBf^^A^^AaB) 1 ' 2 

< (/I" 1 - 2y/u)I 

- (y^ {^{AaBY^^A^AaB)- 1 ' 2 ) 112 - {^(AaB) 1/2 ^(Ay 1 ^(AaB) 1/2 ) 1/2 j 2 

< (^ 1 -2 V ^)J, 

which is a generalized operator Shisha-Mond inequality. □ 
If a is taken to be we get the following Operator Shisha-Mond inequality: 

Corollary 3.6. [7, Theorem 2.1] Let A,B£ B(^f ) be positive invertible operators such that 
m 2 A < B < M 2 A for some positive real numbers m < M and $ : M(J^) — > B(J^) be a 
positive linear map. Then 

<&(A$B)^<$>(B)<$>(A$B)^ - $(A%B)?®(A)- 1 $(A%B)? < (VM - Jm) 2 L . 
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Using the technique in Subsection 3.1 we can get the following Kalmkin-McLenaghan 
inequality: 



Corollary 3.7. [7, Theorem 2.1] Let A,B£ M(J$?) be positive invertible operators such 
that mil < A < Mfl and m\l < B < M 2 I for some positive real numbers mi < Mi and 
m 2 < M 2 and $ : M(J^f) — > B(J?T) be a positive linear map. Then 



s(j4jts)T$(s)*(4tfl)T - ^(A^HAr'mm^ < ( J— - ) /. 



mi y Mi 

3.4. Ozeki— Izumino— Mori— Seo type inequalities. Now we present a generalized oper- 
ator Ozeki-Izumino-Mori-Seo type inequality. To achieve it, we need the following lemma, 
which is helpful in proving many operator inequalities. 

Lemma 3.8. Let $ be a unital positive linear map on M(J$f), A e B(J£ 5 ) is self adjoint with 
bl <A< al. Then 

$(A 2 ) -$(A) 2 < h,a-bfl. 
Proof. The proof is an easy consequence of both facts 

$(A 2 ) - $(A) 2 = <$>(\A - al\ 2 ) - \<$>(A - al)\ 2 (a G R) 

and 



\{a-bfl 



A- a -±±I 



2 



(al- A){A-bI) > 0. 



□ 



Theorem 3.9. Suppose that $ : M(Jrff) — > B(J?T) is a strictly positive linear map with 
$(/) < I. Assume that A, B e B(Jt?) are such that < bj < A < aj and < b 2 I < B < 
ail- Then 

$(A) l/2 $(\A- l/2 (Ao-B)\ 2 )$(A) l/2 - \$(Ay 1/2 $(AaB)$(A) 1/2 \ 2 

<| (/Mr 1 ) -/(Mr 1 )) 2 '- 
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Proof. Consider the strictly positive linear map \& : M(J4?) — > B(J^) defined by 

*(C) = $(Ay l/2 $(A l/2 CA l/2 )$(Ay l/2 . 

Clearly \I/(/) = I. Utilizing Lemma 3.8, we obtain 

q(C 2 )-V(C) 2 < ^(a-b) 2 I (3.3) 

for all C with < bl < C < al. Put C := f{A~ 1 ^BA~ 1 / 2 ). The given conditions on A, B 
imply that 

b 2 a^I < A^^BA" 1 ' 2 < a 2 b^I. 
The operator monotonicity of / then yields 

< bl = f(b 2 a^)I <C = f{A~ 1/2 BA~ 1/2 ) < f(a 2 b^)I = al. 

Thus inequality (3.3) gives rise to 

&(A)~ 1/2 &(\A~ 1/2 (AcrB)\ 2 )&(Ay 1/2 - ($(A)~ 1/2 $(Ax£?)$(,4) _1/2 ) 2 

< \{f{a 2 b^)-f{b 2 a^)) 2 I. 
Now on pre and post multiplying by $(A), we obtain 

<$>(A) l l 2 <$>(\A- l l 2 (AaB)\ 2 )<$>(A) 1 ' 2 - ^(Ay^^AaB^A) 1 ^ 2 

<^{f{a 2 b^)-f{b 2 a^)) 2 I. 

□ 

Corollary 3.10. Let A, B E B(Jf?) be such that < bj < A < aj and < b 2 I < B < a 2 I , 

respectively. Then for any unit vector x G ffl , 

{Ax,x)(\A~ 1 / 2 (Ao-B)\ 2 x,x) - (AaBx,x) 2 < j(f(a 2 b^) - f(b 2 a^)) 2 . 

Proof. The corollary follows on considering the unital positive linear map $ on M(Jif) given 
by $(C) = < Cx,X > . □ 
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Corollary 3.11. [4, Theorem 4.5] Let A, B £ M(Jt?) be such that < bj < A < a 1 I and 

< b 2 I < B < , respectively. Then for any unit vector x £ , 



(Ax,x}(Bx,x) - {A#Bx,x) 2 < ^v^__y^A^ m in{a 1 b^\a 2 b^ 1 } . 

Proof. Replacing a by # in Corollary 3.10, we get the desired result. □ 

3.5. Greub— Rheinboldt type inequality. Greub-Rheinboldt [3] showed that if A £ 
M(Jf) be such that and < ml < A < MI, then 

(Ax, x) (A-'x, x) < {M . + ™ )2 (x £ JT, \\x\\ = 1) . 

AmM 

The first consequence of our main result is a generalized Greub-Rheinboldt inequality. 

Corollary 3.12. If A £ B(Jt?) be such that < ml < A < MI, then for any < a < 1, 

any operator mean a and any positive linear map $ the following Greub-Rheinboldt type 
inequality is valid: 

^(A^iA- 1 ) < -^^Ao-A" 1 ) , 

where fi and u are determined as in Theorem 2.1 with a\ = M,b\ = m,a 2 = m~ l and 
b 2 = M~ x . 

Proof. Using (2.1) with B = A" 1 we get the desired inequality. □ 

4. Inequalities involving Hadamard product and operator means 

In this section we present several inequalities involving Hadamard product and operator 
means. 

If U is the isometry of H into H <8> H given by Ue n = e n ® e n , where {e n } is a fixed 
orthonormal basis of H, then the Hadamard product A o B of (bounded) operators A and 
B on H for {e n } is expressed by 

AoB = U*{A®B)U. 

A real valued continuous function / is called supermultiplicative (submultiplicative, resp.) 
if f(xy) > f(x)f(y) (f(xy) < f(x)f(y), resp.). 
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Theorem 4.1. Let A,B,C,D £ B(Jf) be such that bj < A < a x I, b 2 I < B < a 2 I, 
b$I < C < a%I and b^I < D < oaJ for some scalars < bi < a^, i — 1, ■ ■ ■ ,4. T/ien 
/or any operator mean a, whose representing function f is submultiplicative, the following 
generalized inequalities hold for a £ (0, 1): 

(i) (u(A o B))V a (C oD)< ^((AaC) o (BaD)). 

(ii) ^-"({AoBWJCoDj) <^((AaC)o(BaD)). 

(iii) (A o 5)# a (C o D) - ((AaC) o (BaD)) < (^u^ 1 - l) ai a 2 f {a^b^b^)I . 
In particular, 

(A o £)#(C o D) - ((A#C) o (£#£>)) 

< ( — p= - 1) min {aia 2 /(a 3 a 4 6 1 ; 1 62 1 ), a^a^a^ 1 )^ 1 b 3 b\ /2 \ I . 

Z fly/ CO I J 

(iv) (A o 5)# a (C o D) - ((A# Q C) o (B# a D)) < ((1 - a)^" 1 )^ - z/) ai a 2 J. 
in particular, 

(A o B)#(C o D) - ((A#C) o (£#£>)) < - i/) min { ai a 2 , a 3 a 4 } J. 

(v) 

((AaC) o (BaD))~ 1/2 (C o D)((AaC) o (£aD))- 1/2 

- ((AaC) o (5aD)) 1/2 (A o B) -1 ((AaC) o (5aD)) 1/2 < (/i' 1 - 2y/u)I , 
where u = a ( fel62b3&4 ^( a3a4b i" lb 2 1 ^~ aia2a3a4 ^^ 3b4a i" la 2" 1 ^ w = "i"2M2(/(M4ar 1 "2~ 1 )-/( a 3 n 4&r lb 2~ 1 )) an ^ 

(1— a)ai026i62(/(6 3 640j" 1 a~ 1 )-/(a 3 a 4 b^ 1 fe^ 1 )) ' " bi&2fr3&4-aia2a3a4 

_ (l-Q)^M 
a 

Proof. We have 

(A ® Bf' 2 {f{X) <g> f(Y))(A <8> 5) 1 / 2 > (A <g> Bf' 2 f{X ®Y)(A® B) 1 ' 2 . 
Taking X = A~ 1/2 CA~ 1/2 and F = B^^DB" 1 ' 2 , we obtain 

(AaC) <g) {BaD) > (A <g> B)a{C ® £>). (4.1) 
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Also, simple arguments leads to ajf 1 a^bsb^A ® B < C <8> D < b^b^ 1 a^a^A ® B, so on 
replacing Ahy A® B and i? by C ® D in Theorem 2.1 and taking = U*YU, where C/ 

an isometry satisfying U*(A ® B)U = A o B, and using (4.1) we get (i) and (ii). The rest of 
the inequalities can be proved similarly. □ 

Theorem 4.2. Let A, B,C, D,a and f as in Theorem 4-1 -Then, the following generalized 
inequalities hold: 

(i) (A o B)a(C o D) < l{{AaC) o (BaD)), 

(ii) ((A o B)a(B o D)) - ((AaC) o (BaD)) < -g(t )(A o B) , 

Where td = aia2blb2 ^ ( ~ a:iaib i lb 2 1 )-f( a i la 2 lb '^)) „ _ 010261 62(J(o3Q46j~ 1 6~ 1 )-/(aj" 1 a^ 1 b 3 fe4)) 
(01020304 — bibzbzbi) f ' (c) " 01020304—61626364 

1/ = "^"^^^l^ ^ ^ = ^ + v - f( t ) f or c and f some fixed 

points in (a^a^bab^a^a^b^b^ 1 )- 

Proof. It is known [5] that if A, B > be such that aA > B > bA for some scalars a > b > 
and $ is a positive linear map, then for any connection a, 

<$>(A)a<$>(B) < -<S>(Ao-B) (4.2) 

and 

$(A)a$(B) - <$>(AaB) < -g(t )$(A) , (4.3) 

where u = ffifep^ for some fixed c 6 (6, a) and g(t) = fit + v — f(t), t a fixed point in 
(6, a) with —g(t ) > 0, /x = ; ^ = a f(. b Y- b f( a ) anc [ j s representing function of 

(7. 

As in Theorem 4.1, replacing A by A Cg> Z? and I? by C <E> -D, in (4.2) and (4.3) and using 
inequality (4.1), we get 

$(A <g> B)a$(C ®D)< -$((AaC) <g> (BaD)) 

to 

and 

$(A <g> B)<t$(C <g> D) - $((ArC) <g> (BaD)) < -g(t )(A <g> 5) . 
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Once again (i) and (ii) can be deduced by considering $>(Y) = U*YU, where U an isometry 
satisfying U*(A® B)U = Ao B. □ 
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